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Self-diffusion of interacting Brownian particles in a plane
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Institut fiir Theoretische Physik A, RWTH Aachen, Templergraben 55, 52056 Aachen, Germany

Received 17 May 1994

Abstract. We study self-diffusion of interacting Brownian particles confined fo a plane, The
system is idealized as a set of discs interacting via a pair potential. We analyse the time-
dependent mean square displacement of a selected disc. For long times the displacement
grows linearly with time, and this defines the long-time self-diffusion coefficient, but there are
important logarithmic correction terms, We present an exact expression for the time-dependent
displacernent in a semidilute suspension of discs with square-well interaction. An approximate
expression is proposed which should be valid at any concentration for systems with repnlsive
interaction. The approximation is characterized by a small number of parameters which in
principle can be determined from experimental or computer-simulation data,

1. Introduction

Transport phenomena in two dimensions show characteristic differences from their three-
dimensional counterparts. In this paper we study Brownian motion of particles confined
to a plane. Experimentally this may correspond to diffusion of particles adsorbed on a
surface, or to Brownian particles immersed in a fluid bounded by two parallel plates [1, 2].
Computer simulations have been performed on systems of hard discs [3], and on discs with
Yukawa interaction [4].

We study in particular the time-dependent self-diffusion of a selected particle. The
mean square displacement grows linearly with time at long times, and this defines the long-
time self-diffusion coefficient D'g, but in two dimensions there are characteristic logarithmic
correction terms. The corrections are appreciable, and make it difficult to determine D§
from the data. A theoretical expression is needed which allows reliable determination of
D% from data in the intermediate-time regime. A study of the exact expression for the mean
square displacement derived by Ackerson and Fleishman [5] for a semidilute suspension of
hard discs reveals the nature of the correction terms to the long-time asymptote. We extend
the analysis to a semidilute suspension of discs with square-well interaction to see how the
time dependence depends on the nature of the interaction.

We show for a semidilute suspension with general pair interaction that the important
parameters characterizing the mean square displacement may be determined from the
steady-state density perturbation created by a constant force acting on the selected particle.
The same method works at higher concentration, if a diffusion-type evolution egnation
for the pair distribution function is adopted. We propose an approximate expression
for the Laplace transform of the memory function involving the same parameters. A
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7288 B Cichocki and B U Felderhof

comparison with the exact result for a semidilute suspension with square-step interaction
shows that the approximation works well for systems with repulsive interaction. The
approximation captures the essential features of the time dependence of Brownian motion
in two dimensions. It should describe the mean square displacement over a wide time range
for systems at any concentration.

2. Self-diffusion coefficient

We consider N identical circular discs of radius a performing Brownian motion in the plane.
A wall potential confines the discs to an area of size Z. The bare diffusion coefficient of a
disc is denoted as Dy. The diffusion is hindered due to interactions between the discs. In the
simplest case there is a hard interaction potential preventing the discs from overlaping. More
generally, we consider a pair potential v(r) depending only on the distance » between the
two centres. If I; denotes the position of the centre of the ith disc, then the configuration
of the whole set may be described by the 2N-dimenstonal vector X = (R, ..., Ry). The
dynamical evolution of the configuration X is assumed to be described by a time-dependent
probability distribution P(X, #), which obeys the generalized Smoluchowski equation [6].
In the course of time the distribution function P (X, 7) tends to the equilibrinm distribution

Peg(X) = exp[—B (X)]/Z(B) (1)
where 8 = 1/kyT, the potential $(X) incorporates both the wall potential and the pair
interactions, and the partition function Z(8) normalizes the distribution to unity. We shall
consider self-diffusion of a selected disc in the thermodynamic limit ¥ — co, £ — oo at
constant n = N/E.

The self-diffusion coefficient is defined from the mean square displacement of the
selected particle, labelled 1,

W) = {{[Ri(#) = Ri(OP) 2

where the time dependence of the position R, is governed by the adjoint Smoluchowski
operator £ such that R;(f) = (exp LOR;(0), with (0) = R,;, and the angle brackets
denote an average over the equilibrium distribution (1). The thermodynamic limit is implied.
The time-dependent diffusion coefficient Dg(t) is defined as the derivative

dW ()

Ds(t) = — (3
It may be expressed as
!
mm=@+fnmnw O]
o

where D§ is the short-time diffusion coefficient and Ms(z) is the memory function. For the
model under consideration, which does not include *hydrodynamic interactions’, the short-
time coefficient D simply equals the bare diffusion coefficient Dy. The memory function
Ms(r) arises due to the interactions between discs.

The time dependence of the diffusion coefficient Ds(¢) is dominated by the behaviour
at long times. It is therefore more convenient to write

Ds(1) = D§ + ps(t) (5)
where Dé‘ is the long-time self-diffusion coefficient, and the relaxation function ps(t) is
related to the memory function by

M®=—f Ms(e) dr'. (6)
t
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The long-time coefficient D} may in principle be obtained from a steady-state calculation, in
which one considers the linear response to a constant force applied to the selected disc. The
relaxation function us(r) describes the relaxation to the steady state. In two-dimensional
diffusion the relaxation is extremely slow.,

The mean square displacement may be expressed as

W) = DLt + fu us(?) ' ™

1t follows from the exact calculation by Ackerson and Fleishman [5] for a semidilute system
of hard discs that for long times the relaxation function ps(t) decays as 1/£. The mean
square displacement therefore behaves for large ¢ as

W(t) = Di 1 + (D§ — D, In(z/m) + O(1) (8)

where 7, and 1y are typical time scales. The 1/¢ singularity of the relaxation function is
characteristic of Brownian motion in two dimensions, Therefore the behaviour (8) holds
also for a system of hard discs at any concentration, as well as for systems with different
interactions. The coefficient D’s* and the relaxation times 7;, and 7y depend of course on
the nature of the interactions, and on the concentration,

3. Analysis of mean square displacement data

In the following we shall derive theoretical expressions for the coefficient DY and the time
scales 7, and Ty for semidilute dispersions of discs. In this section we discuss how the
coefficient D{]; and the time scales 7, and Ty may be determined from data obtained in
experiment or simulation.

The theoretical expression (8) shows that the approach of the ratio

By = =2 ®

to the long-time value Dé* is extremely slow, with a long-time tail proportional to Int/t.
Therefore in experiments and in simulations it will be difficult to determine the coefficient

L from the value of Dg(¢) at long times. However, both the long-time diffusion coefficient
I)E and the time scales 7, and 1y can be determined from the behaviour at intermediate
times, if we assume that the time dependence of the mean square displacement is indeed
dominated by the long-time expression (8). A similar analysis was used in three dimensions
by Cichocki and Hinsen [7].

We choose a fixed intermediate time #. It follows from equation (8) that the behaviour
of the ratio R{t, ), defined by

R 1) = %:"”‘1 (10)
is given by
R(,1) = DY + (0§ — Dlya, 2/ ‘1) (an

This suggests that if the ratio R(t, 11}, as found from experiment or simulation, is plotted
as a function of the variable

_ Ingt/n)
h t—4

(12)
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then the graph should tend to a straight line as ! tends to zero. The intercept of the
asymptote with the ordinate axis gives the long-time diffusion coefficient Df. The slope
of the asymptote gives the time scale .. We assume that the shori-time self-diffusion
coefficient Dg either equals Dy, as valid in the absence of hydrodynamic interactions, or is
calculated or measured separately. Finally the time scale 7y in principle can be determined
from the asymptotic constant value of the difference

A(t) =W() — DSt — (DS — DY) Int. (13)

However, this requires very good data,

We demonstrate for a semidilute system of hard discs that the long-time expression (8)
provides a good approximation over a wide range. To first order in density, the long-time
diffusion coefficient of hard discs is given by [5]

Df§ = Do[1 - 24] (14)

where ¢ = mna” is the fraction of the plane covered by discs. From the Laplace transform
of the diffusion coefficient Ds(t), as given by Ackerson and Fleishman [5], we find
by use of a Tauberian theorem [8] the time scale 7, = 7o, where o = a?/Dy is the
diffusion time for a single disc. Comespondingly the relaxation function has asymptotic
behaviour ps(t) ~ 2a%p/t for large . The function decays to zero from the initial
value ps(0) = 2¢Dp. Ackerson and Fleishman’s conjecture [5] concerning. the long-time
behaviour was incorrect. In figure 1 we plot the reduced function y5(t) = us(t)/2¢ Dy
as a function of T = #/1, and compare with the long-time behaviour y5(v) =~ 1/v. It is
evident that the exact function, as calculated from the inverse Laplace transform, rapidly
tends to the long-time behaviour. In figure 2 we plot the ratio R(Z, ¢y), defined in equation
(10), for ¢ = 0.2 and n, = 107, as a function of the variable !, defined in equation
(12}, and compare with the asymptotic behaviour given by equation (11). It is evident that
the diffusion coefficient DY and the time scale 7, can be determined accurately from the

plot.  We remark that the long-time behaviour of the function Dg(r) is given incorrectly

0.65
0.645-
Rit,t}
0.63}
0.62;
0.61F
¢ 2 4 8 8 1'0 1'2 1'4 1’6 1‘8 20 0.80 b.02 0.04 0.66 o_ha 010
r 1
Figure 1. Reduced relaxation function p5(r) =  Figure 2. Plot of the ratio R(¢, 1)), defined in equation

ps{)/2¢ Dy as a function of ¥ = Dgi¢/a® for a2 (10), as a function of the variable /, defined in equation
semidilute dispersion of hard discs of radius @ and  (12), for a semidilute dispersion of hard discs at area
diffusion ceefficient Dy at area fraction ¢, We compare  fraction ¢ = 0.2 and for ¢y = 10%).

the exact function (full curve) with the long-time

behaviour ¥5(z) = 1/t (dashed curve).
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in equation (21) of [4]. The fit to the simulation data for the two-dimensional Yukawa fluid
should be based on equation (8), rather than the expression (22) of Léwen [4].

4. Laplace transform

Tn: this section we indicate how the coefficient DY and the time scales 7, and T are related
to properties of the Laplace transform of the relaxation function. The long-time behaviour of
the relaxation function corresponds to the low-frequency behaviour of its one-sided Fourier
transform

W -
as(w) = fo e us(t) dr. (15)
equation (8) implies the limiting behaviour
I3
: _rnS _ ply__ L '
:I-If& ./; [Ms(t’) (D3 Ds)t, T TM] dr' =0. (16)

Inserting a factor exp(iawt’) with @ = O+ in the integrand, and interchanging limits we
obtain

lim [fis(e) — (D§ — Dg)m.exp(—iwm) Er (~iwnw)] = 0 amn
where E1(z) is the exponential integral [9]. This implies the low-frequency behaviour
fis(w) = —(D§ — D)ulln(~iwny) + y1+ O(1) (18}

where y is Enlet’s constant.
We write the relaxation function as

pus() = (D§ — D)ys(t/ o). (19)

It follows from the general properties of the Smoluchowski equation that the dimensionless
function y5(r) may be expressed as

00
w@= [ pste du @
with a positive spectral density ps(u) which has been normalized to
o
f ps(u) du = 1. (21)
o

The relaxation function decays monotonically with time, Its Fourier transform may be
expressed as

As(w) = (D§ — D)wTs(z) (22)
where I's(z) is the Laplace transform of the function ys(t)
o0
Is(z) = f e y5(7) dr (23)
()}

with the variable z = —iwT. Substituting equation (20) we find that Fs(z) is given by the
Stieltjes integral

Le(z) = fo : sf‘z) du. 24)
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Thus I’s(z) is analytic in the complex z plane with a branch cut along the negative real
axis. From the normalization (21) it follows that

Fg(z) =~ % as 7z = 00, (25)
From the low-frequency behaviour (18) it follows that I's(z) behaves for small z as

Fs(z) ~ ~Cplnz asz— 0 (26)
where the coefficient Cy, is defined by

n=Cmn (27)
Correspondingly the spectral density tends to a constant for small

ps(0+) = CL. (28)

Hence it follows that the coefficient Cy, is always positive. From the Tauberian theorem [8]
it foliows that the relaxation function ys(r} decays as Cp/t for large 1.
More precisely, equation (18) shows that for small z
Fs(z) = —CLiIn(Cu 2) + ]+ O(1) (29)

with the coefficient Cyy defined by 1y = Cytp. Using the identity

o0 e—Cuﬂ
fo " du= ¢ £ (Cy2) (30)

and the expansion of the exponential integral [9], we find from equations (24) and (29) the
sum rule

oo —_ —
j pu)—Cy :xp( Cmu) du
0

The expression (29) allows determination of the coefficients Cp, and Cy from the behaviour
of Ts(z) for small z.

=0 (31

5. Semidilute suspension with square~well interaction

It is of interest to investigate how the coefficients Dfe;', Cyr, and Cy depend on the nature
of the interactions. For a semidilute suspension of discs with hard core and square-well
interactions these quantities, as well as the complete spectral density ps(u). can be calculated
explicitly. The calculation is quite analogous to that for spheres [10].

The general expression for the memory function is {11, 12)

Ms(w) = L (U - (i + 07U (32)
where £ is the adjoint of the Smoluchowski operator, and U} = LR, is the velocity of the
selected particle on the Smoluchowski time scale [13]. To first order, in density we write

Ms(@) = Doas(@)¢ (33)
with a dimensionless coefficient as{w) which may be found from the solution of the pair
Smoluchowski equation. The corresponding expression for the Laplace transform I's(z) is

ag(w) — as(0

Ts(z) = _§.__..)_S().

iwtoes(0)
The coefficient cs(ew) may be evaluated from a one-dimensional integral

ast@) =} [ xafvar 35)

(34)
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where x = r/2a is the dimensionless pair distance, and g(x) is the low-density radial
distribution function

g(x) = exp[—B v(2ax)] (36)

for interaction potential v(r). Furthermore, f(x) is the radial part of the perturbed pair
distribution function, and U/(x) is a given function expressed in terms of the interactions.
In the absence of hydrodynamic interactions f(x) satisfies the radial differential equation

d df f 2 . 98

dx(xgdx) 87 ang-Zxdx (G7D
with the variable

o? = —2iwa®/ Dy = —2iwty. (38)
For vanishing hydrodynamic interaction the function If (x) is given by

2 dg
Ux)=——. 3
=2 (39)

In the following we consider specifically the square-well potential

o for0<r <2a
viry=1{ for2a<r<2b (40)
0 for2b < r.

The depth —v; may be positive as well as negative. We shall use the dimensionless
parameters

€ =exp(—8u) X =b/a. 41)

The function g(x) is constant on each of the intervals 1 < x < x; and x; < x < 00, so that
the coefficient «s{w) is given by

ag{w) = € f(14) — (€ — 1)xy fx). (42)

On each interval the right-hand side of equation (37) vanishes. The zero-flux condition at
r = 2a corresponds to the boundary condition f'(1+) = 2. At x = x; the function f(x)
must satisfy the jump conditions

fGr+) = fn-)

43
-2 4 f’(xl-{-) =—2¢+¢ f’(x1 -). “43)
Also it must tend to zero at infinity.
We consider first the case of hard discs. Then € = 1 and the solution is [5]
_ Ki{ax)
fix)y= ZQK{(Q) l<x <o {HD) 44)

where K1 (z) is a modified Bessel function [9]. We define & such that o = (1 —i)(wa?/Dy)'/?
for @ > (. The coefficient ag(w) is

Ky (c)
aKj(c)
In the limit of zero frequency this yields o5(0) = —2. From equation (34) we find for the
Laplace transform [g(z)

(HD). 5)

as{w) =2

2Ko()
o?Ko(a) + oK (@)

Ts(z) = (1), (46)
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At low frequency I's(z) >~ -2 Ina, which confirms the value Cy = | by comparison with
equation (26), since z = %rxz. In addition we find Cyy = -12- exp(y) = 0.89054. Furthermore,
it is evident that [s(z) ~ 2/a? for large z, in agreement with equation (25). The spectral
density ps(u), corresponding to the Laplace transform I's(z) according to equation (24), is
given by

ps(u) = (HD) @7

it Z(v)2
with the abbreviations
Zw)=H@) +i¥@)  v=+2u (48)
where Ji{v) and ¥;(v) are Bessel functions, In figure 3 we plot the spectral density as a
function of log,y . In the limit of zero frequency the distribution function becomes
P@=-2  x>1 @) (9)

which shows an extremely slow decay with distance.

as{0)

n
~N
©
IS
2]
ok
-]
o
o
k=

loggu €

Figure 3. Plot of the spectral density ps(u) as a  Figure 4. Plot of the coefficient «5(0), as given by

function of log;y u for a semidilute dispersion of hard  equation (89), for a semidilute dispersion of discs with

discs. square-well interaction. We plot as(0) as a function of
the parameter ¢ for fixed p = 1.5.

In the more general case of a square-well potential with vy # 0 we can write the solution
of equation (37) in the form
F(x) = Ay Li(oex) + By Ky (eex) forl<x <x
f(x) = By Ky (ax) for x; < x < 00
where J;(z) is the regular modified Bessel function. The coefficients are found from the
boundary condition f’(14+) = 2 and the jump conditions (43). The coefficient as(w) is
written conveniently with the parameter

(50}

1
f=s-l. &)
The explicit expression reads
P iR
os(w) = 2¢ PH{Q+{R (52)

S+¢T
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with coefficients

Pla) = Ky(a)
Qe x1) = 2% Ky(axy) + ax; Ki(ex) ) (@)K (ex)) — i{ex)} K ()]
R(a, x1) = ax? Ky (o) (@) Ky (eexy) — Li(ex1) K ()] (53)

S(e) =aKi(e)
T (e, x1) = o xy K{(ex)[I{ (@) K1 (oxy) — hiax)K{(@)].
Hence one finds the spectral density
-2 [1+¢ ¥(v, x)P
a2 utas(0) |Z(v) + ¢ Y (v, x1) Z(vx))P?
with the notation of equation {(48) and the abbreviation
Y{v, x1) = §wvxi [J1(vn)¥{() — H @ (vx)]. (55)

The coefficient ag(0) is always negative. For hard discs it takes the value —2, and in
the case of a square well its value can be found from equation (52). The long-time diffusion
coefficient is given to first order in density by

D = Do[l +as(0)¢]. (56

In the next two sections we derive compact expressions for the coefficients ag(0), €1, and
Cum.

ps(u) = (54)

6. Steady-state distribution

We have shown previously [14] that for semidilute suspensions of spheres the important
parameters characterizing the relaxation process can be obtained from the steady-state pair
distribution function. Here we show that the same is true for suspensions of discs. The
method allows determination of the parameters also in dense suspensions, on the basis of
an approximate calculation of the steady-state pair distribution.

The radial differential equation (37) may be written in the abbreviated form

Ly —o?lf =U (57

with the operator
1fd d ¢

E’—xg[dxxgdx_;]' (58)
From equation (39) it follows that the function U (x) is given by

Ux)=2L, x. {539
Introducing the scalar product

o0
(A]B) = f xgA*B dx (60)
0

we may wiite the coefficient ag(@) formally as

1
os(w) = (UI o IU) 6n
The operator £, is Hermitian with respect to the scalar product (60).
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The steady-state coefficient «vs(0) may be calculated from the solution f@(x) of the
equation
L, f@=U (62)

and the corresponding integral (35). As in the three-dimensional case, equation (62) can
be related to a dielectric problem [12], and the coefficient w5(0) can be calculated from the
corresponding electric polarizability o, = fpa® according to the relation

as(0) = B + Js (63}
where B, is twice the coefficient of the asymptotic decay of the steady-state distribution
FO @) =~ % as x = 00 (64)
and Js is given by the integral
20
Js = f x2gU dx = 2(x|£)x). (65)
0

It follows from the long range of the distribution function that the integral (U IE;ZIU)
diverges. This implies that the coefficient as{e), as given by equation (61}, is non-analytic
in o, The explicit form equation (44) for hard discs suggests that we expand the solution
Fix, &) of equation (37) as

FOe) = fO)y+ FfOxe? na + FPx)e® + O Ina)?). (66)
It follows from equation (35) that the coefficient ag(w) has the corresponding expansion
oglw) = g (0) + ozg) o?lne+ cxéz) a? + O{(@® Ino)®). (67

The coefficient u.r.(;) may be related to the time 71, and the coefficient rxéz’ may be related

to the time 1y. From equations (29) and (34) we find

CL=—"+Cy=2 22— —y |,
T as@ P al Y (68)
It follows from equation (59) that the solution F®(x) of the static equation (62) may
be related to the solution fo(x) of the homogeneous equation

Lifo=0 (69)
according to
FO@) = folx) + 2x. (70)

In order that f*®(x) vanish at infinity we must select the solution of equation (69) that
tends to —2x at large x, Since g(x) tends to vnity at large x the function fo(x) has the
asymptotic behaviour

o

folx) ~ =2x + o as x = 00 (71)

in agreement with equation (64).

We assume for simplicity that the radial distribution g(x) equals unity beyond a cut-off
distance x., which may be arbitrarily large. Then the solution of equation (37} takes the
form

fix,a) =ay{@)K,(ax) for x > x, 12
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with a coefficient y (&) which has the expansion

y@) = y@ +yP o no + yPe? + O Ina)?). (73)
By comparison with equation (66) we see that beyond the cut-off distance
y(ﬂ)
Ow="— (74)
y(”
FD(x) = %Y(O)x + — (75)
J,(Z)
f‘z)(x) = + %y‘m[x lnx + Jex] for x > x; (76)
where
Jg=y—%—In2=-0.61593. ' (77)
By comparison of equation (74) with equation (57) we find
y® =15 (78)

By substitution of expansion (66) in equation (57) we find that f(x) and F@(x) must
satisfy

Ly f(l) =0 Ly f(2) e f(t))_ (79)
By comparison of equation (75) with equation (71) we find

yV=-%6 (80)
The function f®(x) is given everywhere by

FO @) =—-18, folx). (81)

By substitution with equation (35) and use of equations (63) and (70) we find for the
coefficient oy

ol =-182 (82)

It follows from equations (68), (77), and (82) that the amplitude €\ of the long-time tail
CL/7 of the relaxation function is directly related to the amplitude of the long-range tail of
the steady-state pair distribution.

Next we consider the coefficient tzéz). Let h(x)} be the solution of the inhomogeneous
equation

Lih=fO (33)
which satisfics the boundary condition #’(14) = 0 and which behaves as

h(x)=1yPxinx + % for x > x. (84)

Then the solution F@(x) takes the form
FOE) = hx) + Co folx). (85)
By comparison with equation (76) we find the coefficients
y@=r+18GCo
Co=-3vQ k.

By substitution of f®(x) into equation (35) we finally find the coefficient (.

(86)
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7. Coefficients for square-well potential

The coefficients wg(0), Cp, and Cys can be evaluated for the square-well potential from the
explicit expression for the coefficient erg() given in equations ($2) and (53). However, it
is simpler to use the formalism developed in the preceding section.

Thus we consider again the potential v(r) given by equation (40), characterized by
parameters € and x; defined in equation (41). For the reduced electric polarizability one
finds

L (p=DE=-1-2
b= -+

where p = x?. The integral defined in equation (65) is given by
Js=2-2(p—1}e—1). {88)

Hence we find for the zero-frequency coefficient «es(0} by use of equation (63)

(6—D*e—1P—(p—INe~ 1)+ 20

87

0)=-2 8
o © p—DE-D+2p ®
The solution f@(x) is given explicitly by
f‘o) _ Ax+ B/fx for 1 < x <xy (90)
Bof2x forxm <x
with coefficients
A=2 P DE-D B=A-2 o1)

T e—IEe-D+2p
The solution f™(x) is given by equations (70) and (81). By use of equation (42) one
confirms the value given by equation (82) for aé”.
The solution f@(x) is given by

LA+ 1 BxInx+Cx+ D/x forl<x<x
Py =1t 2 / R ()
1 Bolxlnx + Jex]+ E/x forx) < x
with additional coefficients
(c—1)F+G+H
C = D=C4F E=pC+D-G
- De—-DT + pC+ (93)
where
= %A—I
G=%p[(B—2B)nx; + By Js — 1p A] 94)

=3o[(Bp—2¢ BY(1 +1nx)) + By Ju — 2 €p A].
The coefficient o:éz) is given by

ol =e(a+2C—1)— (e - 1[L B p(Je +1nxy) + E]. (95)

The coefficients €y, and Cyy can now be calculated from equation (68).

To give an impression of the dependence of the coefficients D§, Cr, Cym on the
parameters € and p = Jrl2 we present several plots. In figure 4 we plot ws(0) as a function of
¢ for fixed p = 1.5. In figure 5 we plot a5(0) as a function of p for fixed ¢ =0.5. In figure
6 we plot the coefficients C. and Cy as functions of ¢ for fixed x; = 1.5. The peculiar
behaviour near € = 2.6 is due to the vanishing of the reduced polarizability 8, at this point.
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Figure 5. Plot of the coefficient as(0) as a function of  Figure 6. Plot of the coefficients Cp, (full curve) and

p for a semidilute dispersion of discs with square-step  Cy (dashed curve) as functions of ¢ for fixed x; = 1.5

interaction with height given by € = 0.5. for a semidilute dispersion of discs with square-weil
interaction.
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Fignre 7. Plot of the coefficients Cp, (full curve) and  Figure 8. Plot of the spectral density ps(u) as a
Cy4 (dashed curve) as functions of p for fixed ¢ = 0.5.  function of logy, & for 2y = 1.5 and € = 2.6 (full
curve) and € = 3.5 (dashed corve).

A similar resonance behaviour occurs in the case of spheres, and we have commented on
it in [10]. In figure 7 we plot Cy, and Cy as functions of p for fixed ¢ = 0.5.

In figure 8 we plot the spectral density ps(x), as given by equation (54), for x; = 1.5
and the values € = 2.6 and ¢ = 3.5, corresponding to a square well with depth near the
resonance shown in figure 6. For a repulsive potential the behaviour of the spectral density
is much simpler, as discussed in the next section,

8. Approximate relaxation function

The behaviour of the one-sided Fourier transform fis(w) of the relaxation function at low
frequency is given by equation (18). It is characterized by the two diffusion coefficients D§
and DY, and by the two time scales 7, and . The initial value of the relaxation function
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is us(0) = Dg — Dé‘. Hence the limiting behaviour at high frequency is also known.
We construct an approximate expression for the transform I's(z), which incorporates the
behaviour both at low and at high frequency, based on the exact expression for a semidilute
suspension of hard discs. We demonstrate the validity of the approximation by comparing
the approximate spectral density with the exact one for a semidilute suspension of hard
discs with square-step interaction.

The approximate expression for the Laplace transform I's(z) reads, in analogy to
equation (46),

2CL Kolpor)
Is(z) ~ (96
@)= G Koua) + e K Gua) )
where the factor p is related to the coefficient Cyy by
© = (2Cw)'?exp(—1 y). o7

This incorporates the low-frequency behaviour given by equations (18) and (22), and
the high-frequency behaviour given by equation (25). The corresponding approximate
expression for the spectral density is

4CL 1
72 [RCLuFolp v) — po¥i(p 3P + [2CLudolpe v) — podi(n v)]?

with v = /2.

We compare the approximate spectral density with the exact one for a semidilute
suspension of hard discs with square-step potential characterized by parameters € = 0.5,
x; = L5 In figure 9 we plot the two spectra as functions of log,, #. The values of the
coefficients are Cy, = 1.6321, Cu = 1.4155. The plot shows that equation (98) provides
an excellent approximation to the spectral density. In figure 10 we show the relaxation
function y5(T), as calculated from the exact and approximate Spectra according to equation
(20). The agreement is again excellent.

We expect equation (96) to provide a good approximation to the actua! relaxation
function for systems of particles with repulsive potentials. The approximation is
characterized by the two coefficients Cy. and Cy. For systems with attractive interactions the
spectral density is more complicated due to the appearance of an additional time scale, as can
be shown on the example of a semidilute suspension with attractive square-well potential,
The approximate expression (96) corresponds to the evolution of the pair distribution
function described by the two-particle diffusion equation with an effective diffusion constant
and an effective hard-core radius. Leegwater ef af [15, 16] have argued that the two-
particle diffusive evolution should provide a good model for memory effects in dense fluids
or suspensions. Thus we expect that the expression (96), with appropriate values of the
coefficients €y, and Cy, describes the self-diffusion process at any concentration.

ps(u) =~ 8)

9. Discussion

We have shown that the self-diffusion of inferacting discs is characterized by a
frequency-dependent seli-diffusion coefficient with striking long-time memory effects.
Correspondingly, the time-dependent mean square displacement of a selected disc behaves
as shown in equation (8). The time scale 71, of the logarithmic correction to the asymptote
depends on the nature of the interactions. For a semidilute suspension the time scale 7. is
directly related to the amplitude of the long-range tail of the steady-state pair distribution
function, as found from linear-response theory.
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Figure 9. Plot of the spectral density ps{#) as a  Figure }0. Plot of the relaxation fenction y5(t), as
function of log;, u for a semidilute suspension of discs  a function of v = t/%, as calculated according to
with square-step potential characterized by parameters  equation (21) from the exact spectral density (fuli curve)
€ =05 and x; = 1.5. We compare the exact speciral  and the approximate one {dashzd curve) shown in figure
density given by equation (54) (full curve) with the 9.

approximate spectral density given by equation (58)

(dashed curve).

The long-time behaviour of the mean square displacement is characterized in more detail
by a second time scale 7y. We have shown that the time scales 7y, and Ty may be used
to construct an approximate expression for the relaxation function y5(z) characterizing the
memory effects. A comparison with an exact calculation for a semidilute suspension of
hard discs interacting with an additional square potential shows that the approximation is
excellent if the interaction potential is repulsive. In the approximation the mean square
displacement is characterized by the short-time and long-time diffusion coefficients Dg and
D, and by the two time scales 7, and 7y. We expect that the approximation provides
an accurate description of the self-diffusion of particles with repulsive interactions at any
concentration. The description should be valid over a wide time range, excluding only very
short times. We suggest that the approximation be used to analyse computer simulations
and experimental data.

The parameters of the approximation may be calculated from the steady state-distribution
function, if a diffusion-type equation is assumed for the time evolution of the pair distribution
[15, 16], by use of the formalism developed in section 6. The approximation should also
be applicable in the presence of hydrodynamic interactions. The formalism of section 6 can
be extended to include this case.
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